We construct an analytic formula of Green's function for the Laplace-Beltrami operator on surfaces with a non-trivial Killing vector field, which contain all surfaces of revolution. To represent the function, we explicitly build a chart which is defined on the whole space except for at most two points, where the metric is represented by one positive function and where the Killing vector field is represented as a constant vector field preserving this positive function. In this construction, we immediately obtain the formula for a given surface with a Killing vector field by solving the geodesic equations. As applications, we show that the logarithm of the speed and the pressure of the Killing vector field as a steady solution of the Euler equations is equal to the convolution of a hydrodynamic Green's function and the Gaussian curvature and twice that up to a harmonic function. Moreover, we see that a similar relation holds for a potential vector field on general curved surfaces. As an example, we apply the formula to surfaces of revolution.
Introduction
Practical constructions of the Green's function for the Laplacian in a domain as well as on a curved surface are required in engineering, physics and mathematical science such as fluid dynamics, electrostatics, potential theory, numerical analysis. When we seek to gain deep insight, we need detailed information about the Green's function. In this reason, researchers make their best endeavor to get an analytic and computable formula of the Green's function.
In the theory of fluid dynamics on curved surfaces, the Green's function plays a central role since every velocity field of two-dimensional incompressible and inviscid fluid flows is obtained by using the convolution of the vorticity and a special Green's function, called hydrodynamic Green's function. Thanks to the invariance of the vorticity along a fluid particles, discretizing an initial vorticity distribution with a liner combination of delta functions, called point vortices, we can treat the velocity field as a finite-dimensional Hamiltonian vector field whose the Hamiltonian is consisted of the hydrodynamic Green's function and the regularized Green's function by the geodesic distance. Moreover, a level curve of a hydrodynamic Green's function is equivalent to the orbit of a fluid particle with a single point vortex. The general reference here is [21] . With the availability of an explicit formula or an approximate solution of the hydrodynamic Green's function on a curved surface, it becomes possible to research the dynamics of point vortices there in details. For reference, here are many examples of such surfaces: a sphere [11] , a hyperbolic disc [10] , multiply connected domains [28] , a cylinder [17] , a flat torus [29] , the Bolza surface [24] , surfaces of revolution diffeomorphic to the plane [8] , the sphere [4] and the torus [26] . Explicit formulae of the hydrodynamic Green's function are of fundamental importance in many physical applications, for example, a model of geophysical flows [20] , ocean flows with many islands [19] , a mathematical model of quantized vortices on a torus in a superfluid films [2] .
How the geometric properties of flow field affect vortex evolutions is currently a problem of physical importance as well as of theoretical interest. There are similar dynamical behaviors of vortex evolution among different surfaces, for instance, the motion of two point vortices [10] and the stability of a polygonal ring configuration of N point vortices, called N -ring [18] in a plane, on a sphere and a hyperbolic disc. On the other hand, a feature of the linear stability of the N -ring qualitatively changes with a one-parameter family of toroidal surfaces [27] , which implies we can not always expect some similarly in the dynamical property of vortex evolution even if the surfaces are of the same type. It is of a theoretical interest to understand how a dynamical property of vortex evolution is universal among multiple surfaces and how these surfaces are geometrically characterized. We cannot solve these problems as long as we individually investigate the dynamics of vortex evolution on a concrete surface since we cannot judge whether a dynamical property is attributable to a geometric one inherent in the surface or common in some surfaces.
The purpose of the present paper is to establish an analytic formula of fundamental objects for investigating vortex dynamics on surfaces such as hydrodynamic Green's function and a suitable chart to understand how the geometric structure affect dynamics towards constructing a unified theory of vortex dynamics on surfaces standing on a hypothesis with mathematical and physical significance. In this paper, we assume the existence of a non-trivial Killing vector field to satisfy the no-normal condition on the boundary as the hypothesis. The Killing vector field is an important object in physics as a generalization of the uniform flow in the plane since both of them are steady solutions of the Euler equations and preserves the metric of the surface. The uniform flow and associated flows are basic research objects in fluid mechanics. Two uniform flows with different speed separated by a transitional region induce a shear flow, which is observed past an obstacle in nature. When the thickness of the transitional region is sufficiently small, the shear flow is called a vortex sheet, which is used as a simple model in order to understand turbulent shear layers. In mathematical analysis of incompressible and viscid fluids in a curved thin domain, a classification of the Killing vector fields and surfaces with them is a critical problem in order to use the Korn-Poincaré inequality [13] since it is also a steady solution of the Navier-Stokes equations on Riemannian manifolds derived by Taylor [25] .
The Killing vector field becomes a key instrument as a generator of an isometric action in geometry such as representation theory, group actions, foliations and dynamical systems [1] . The existence of a non-trivial Killing vector field is a basic assumption in theoretical analysis of differential equations on (semi-)Riemannian manifolds based on an exact solution. For instance, this assumption is used in general relativity to construct an exact solution of the Einstein equations [5] . In this paper, we do not assume surfaces are always isometrically embedded in the 3-dimensional Euclidean space for an application to fluid dynamics on surfaces isometrically embedded in a spacetime which is not Euclidean space. Thanks to the existence, we can deduce a first integral for all isometrically invariant Hamiltonian systems [16] , which include the dynamical system of point vortices. Moreover, an isometric action is effectively used to find relative equilibria [15] . It is worth noting that this assumption provides a unified framework for treating previous researches on dynamics of point vortices on surfaces of revolution [8, 4, 26] and flat surfaces [29, 11, 10, 17, 28] as examples of surfaces with the existence of the Killing vector field.
To obtain an analytic formula of the hydrodynamic Green's function on a surface with the Killing vector field, we need to construct a preferable chart from a practical point of view. Concretely speaking, we impose four requirements which the chart satisfies: (1) The chart is explicitly constructed by a computable way, (2) The domain of the chart is wide, ( 3) The number of functions to give coordinate representation of the metric of the surface in the chart is least and (4) The Killing vector field is briefly represented in the chart. The reason to impose (1) is clear from the above mentioned. If the domain is narrow, it is difficult to check a global structure of surfaces by using such a chart. Furthermore, we have to swap charts in numerical computation as often as the domain which we focus on When the metric g is represented as g = λ 2 ((dx 1 ) 2 + (dx 2 ) 2 ) for some positive function λ in an isothermal coordinate, a geometric quantity is clearly represented, for instance, the Gaussian curvature K of the surface satisfies K = −λ −2 (∂ 2 1 + ∂ 2 2 ) log λ. Since we are interested in vortex dynamics associated with the Killing vector field, it is necessary to impose (4) . For these reasons, the chart is needed to satisfy (2), (3) and (4) in order to understand how geometric properties of the surface affect dynamics on the surface. This paper is divided as follows. In Section 2, we provide a biholomorphic classification of surfaces when a no-normal non-trivial Killing vector field exists. Such Killing vector field is called as a hydrodynamic Killing vector field. We call such surfaces as Killing symmetric surfaces. We will show the surfaces have non-negative Euler characteristic (Sec. 2.2) since every hydrodynamic Killing vector field has only isolated centers (Sec. 2.1). From this we can conclude the surfaces are classified into 11-types of Riemann surfaces (Prop. 2.3). Since every hydrodynamic Killing vector field is conjugate to either the rotation or the translation on a conformally flat surface (Sec. 2.3), we can divide Killing symmetric surfaces into two types: those which has a hydrodynamic Killing vector field conjugate to the rotation and the others. We call the former as rotationally symmetric surfaces and the latter as translationally symmetric surfaces. In Sec. 3, we construct two special coordinate on Killing symmetric surfaces. We introduce a polar coordinate and a cylindrical coordinate on a rotationally symmetric surface by abstract way. After that we explicitly construct a cylindrical coordinate on a rotationally symmetric surface (Sec. 3.2) and a translationally symmetric surface (Sec. 3.3). One of our main contributions is this analytic construction of a cylindrical coordinate. The basic idea is to establish a parametrization Πi along a geodesic γi = {γ(s)}s orthogonal to arbitrary fixed hydrodynamic Killing vector field X and an orbit of X, namely Πi(s, t) = Xt •γi(s) for each type of Riemann surfaces given in Proposition 2.3 where Xt is the time t map of X. This idea comes in the theory of singular Riemannian foliations. The task is to find a domain such that Πi is a diffeomorphism from the domain to the whole space except for the singular point of X. Since the metric g is represented as Π * i g = |γ i (0)| 2 ds 2 + |X • γi(s)| 2 dt 2 , taking a suitable coordinate transformation T given in (3.2.5), we can show Σi := T • Π −1 i is a cylindrical coordinate. See also Fig. 1 . In Sec. 4, we provide an analytic formula of a hydrodynamic Green's function on a Killing symmetric surface as the cylindrical coordinate representation in Σi. The hydrodynamic Green's function on non-compact surfaces is recently formulated by Raggazzo and Villioni [23] . In this paper, we follow the formulation. In Sec. 5, we apply these theoretical result to fluid dynamics on surfaces. Especially, we characterize physical quantities such as the speed and the pressure of a hydrodynamic Killing vector field X by the Gaussian curvature of a surface as a steady solution of the Euler equations (Sec 5.1). Using the cylindrical coordinate Σi, we can show the logarithm of the speed is equal to the convolution of a hydrodynamic Green's function and the Gaussian curvature up to a harmonic function and that of the pressure is equal to twice that. Moreover, the similar relation holds for a potential vector field on general curved surfaces (Sec. 5.2). Using the relation and the analytic formula of a hydrodynamic Green's function, an analytic formula of these physical quantities also can be obtained except for a harmonic part. In addition, we observe when the curvature at a point increases, the speed of a hydrodynamic Killing vector field increases but that of potential flow decrease. On the other hand, the pressure of both of these vector fields increases. Though these vector fields are generalization of the uniform flow in the plane, a difference of dynamics of them can be realized as propagation with the curvature up. From this we can understand how the geometric properties of flow field without point vortices affect the dynamics of the fluid flow. As an example of Killing symmetric surfaces, we consider surfaces of revolution (Sec. 5.3). We can show that every Killing symmetric surfaces isometrically embedded in the 3-dimensional Euclidean space is isometric to a surface of revolution. This result contributes the problem in the Korn-Poincaré inequality [13] . Furthermore, the analytic formulae recently given by Green & Marshall [7] and Dritschel & Boatto [4] are automatically derived by giving the generatrices. In the last section, we summarize how to get the analytic formula of the hydrodynamic Green's function on every Killing symmetric surface.
Killing vector field 2.1 Basic notion
We follow the notation of [12] . In present paper, a surface (M, g) is a connected orientable smooth Riemannian two-manifold with or without boundary. For a C r -vector field X ∈ X r (M )(r ≥ 1) and p ∈ M , let Xt and X (p) denote time t map and the linearization of X centered at p. Denote the set of all singular points and all periodic points of X by Sing(X) and Per(X). X ∈ X r (M )(r ≥ 1) is called a Killing vector field if LX g = 0 where LX is the Lie derivative with respect to X. Here are some fundamental properties of a Killing vector field. Proposition 2.1. Let (M, g) be a surface. Assume a Killing vector field X ∈ X r (M )(r ≥ 1) such that Sing(X) = ∅. Then the following hold.
Classification of surfaces with a non-trivial Killing vector field
When there is a non-trivial Killing vector field, the Euler characteristic of the surface M , denoted by χ(M ), is restricted. Proposition 2.2. Let (M, g) be a surface. Suppose the existence of a Killing vector field X ∈ X r (M )(r ≥ 1) such that X ≡ 0. Then χ(M ) ≥ 0.
Proof. If M is compact, we obtain 2 ≥ χ(M ) = #Sing(X) ≥ 0 by Proposition 2.1 and Poincaré-Hopf Theorem. Equivalently, there is no non-trivial Killing vector field on every compact surface with the negative Euler characteristic. When M is non-compact, we will prove that every Killing vector field X on M satisfies X ≡ 0 assuming χ(M ) < 0. By the monotonicity of the Euler characteristic (see also Remark 1), we can take a compact subsurface M0 ⊂ M such that χ(M0) < 0. We see X|M 0 is also a Killing vector field on M0 from L X| M 0 g|M 0 = LX g = 0. As χ(M0) is negative we deduce X|M 0 ≡ 0, which gives X ≡ 0 by Proposition 2.1 since there is a singular point of X to be not isolated on M0.
X ∈ X r (M )(r ≥ 1) is called a hydrodynamic Killing vector field if X is a no-normal non-trivial Killing vector field, that is, X satisfies (i)LX g = 0, (ii)X ≡ 0, (iii) ∀p ∈ ∂M , X(p) ∈ Tp∂M (no-normal condition). The no-normal condition means that the vector field does not penetrate the boundary. In order for a hydrodynamic Killing vector field to be a steady solution of the Euler equation we impose this boundary condition. A surface (M, g) is called Killing symmetric if there exists a hydrodynamic Killing vector field on the surface. We proceed to classify Killing symmetric surfaces into the conformal conjugacy classes. For general references on conformal geometry and complex analysis on Riemann surfaces, see, e.g., [12, 6] . We define a complex structure S on a surface (M, g) by the dual J : T M → T M of Hodge-star operator * associated with the metric g, namely, Jv = ( * v ) where and are the musical isomorphism associated with g. Note that J rotates vectors by π/2. Then (M, J ) is an exceptional Riemann surface by Proposition 2.2. By the uniformization theorem, there exists a biholomorphic map from the Riemann surface (M, J ) to a flat surface M flat , which has been classified into the following 11 types (see for instance [6] , IV.6.1 for surfaces without boundary and [9] , Th.0.1 for surfaces with boundary). Remark 1. Under the assumptions for surfaces, we can deduce every surface in this paper is second countable by Rado theorem thanks to the existence of the complex structure, which is derived from the orientability and the Riemannian metric of the surface. Thus we can define the genus and the number of connected component of the boundary ends of the surface (see, for instance, [22] ). This gives the Euler characteristic of non-compact surfaces in the same manner for compact surfaces. Moreover, if there exists a hydrodynamic Killing vector field on a surface, we can deduce that the surface is finite topological type by Proposition 2.3 (see, for instance, [23] ). Definition 2.4. A surface is said to satisfy the condition Si(i = 0, 1, . . . , 10) if there exists a hydrodynamic Killing vector field and the surface is biholomorphic to the i-th Riemann surface (i = 0, 1, . . . , 10) in Proposition 2.3.
Classification of hydrodynamic Killing vector fields
In this subsection, we show that hydrodynamic Killing vector fields can be classified into two types: rotation and translation. To this end, we review the notion of uniformizing map. In particular, every point of M \ Sing(X) is a periodic point with the same period τ and X generates an isometric S 1 -action.
Definition 2.7. A hydrodynamic Killing vector field X ∈ X r (M )(r ≥ 1) is called rotational if there exists a periodic point of X. A surface is called rotationally symmetric if there exists a hydrodynamic Killing vector field X ∈ X r (M )(r ≥ 1) such that X is rotational.
By Proposition 2.1, if there is a singular point of a hydrodynamic Killing vector field on a surface, the surface is rotationally symmetric. It is immediate from Proposition 2.2 that if the Euler characteristic of a compact Killing symmetric surface is positive, it is rotationally symmetric, which satisfies the condition Si(i = 0, 1). When a surface satisfies the condition Si(i = 2, 5, 7, 8, 9, 10) , each of hydrodynamic Killing vector fields preserves {|z| = 1}, which gives the existence of a periodic point. When a surface satisfies the condition Si(i = 3, 4, 6), there is a hydrodynamic Killing vector field X ∈ X r (M )(r ≥ 1) such that it has no periodic point. Then, we can see X is conjugate to translation by Proposition 2.5. Definition 2.9. A hydrodynamic Killing vector field X ∈ X r (M )(r ≥ 1) is called translational if there exists no periodic point of X. A surface is called translationally symmetric if there exists a hydrodynamic Killing vector field X ∈ X r (M )(r ≥ 1) such that X is translational and the surface is not rotationally symmetric.
We can deduce that every Killing symmetric surface satisfying the condition S3 is rotationally symmetric. To see this, take a hydrodynamic Killing vector field X ∈ X r (M )(r ≥ 1) such that X is translational. Then each of orbits of X are dense in Tρ since c * X is an irrational rotation. Xt is an isometry and preserves the Gaussian curvature K. By continuity of K, K is constant on M , which implies that M is isometric to a flat torus (Tρ, g flat ). From this we can take a constant vector field with a rational rotation number instead of X, which is also a hydrodynamic Killing vector field and rotational. Corollary 2.10. If a surface satisfies the condition Si(i = 0, 1, . . . , 10) except for i = 4, 6, the surface is rotationally symmetric. In particular, if a Killing symmetric surface is not rotationally symmetric, the surface satisfies the condition either S4 or S6.
Remark 2. In general, it is non-trivial that a uniformizing map given by [9] can be smoothly extended over the boundary as is a conformal homeomorphism. However, we can prove that the uniformizing map given in Proposition 2.5 can be smoothly extended over the boundary. To see this, let (M, g) be a Killing symmetric surface with boundary. Now, (M, g) satisfies the condition Si(i = 1, 2, 9, 10). Fix a hydrodynamic Killing vector field X and the uniformizing map c : M → M flat given in Proposition 2.5. Let (Up, ϕp) and (Ūp,φp) denote a local coordinate centered at p ∈ ∂M and one extended by its mirror image into the lower half plane. We define an extended surfaceM of M byM := M ∪ p∈∂MŪ p. Letḡ andX denote the extension of g and X onM . ThenX is also a hydrodynamic Killing vector field on (M ,ḡ). It is immediate that (M ,ḡ) satisfies the condition S5 for i = 1, S7 for i = 9 and S8 for i = 2, 10. We can conclude that there is a uniformizing map c : (M ,ḡ) → (M flat ,ḡ flat ) given in Proposition 2.5 such that c =c|M : M → M flat .
Polar and cylindrical coordinate
In this section, we introduce two kinds of uniformizing charts. A uniformizing map is not always explicitly constructed as is theoretically useful. We first investigate a behavior of a hydrodynamic Killing vector field in detail by using a uniformizing map. After that, we construct a uniformizing chart by a computable way.
Abstract construction on rotationally symmetric surfaces using the uniformization theorem
Our aim in this subsection is to show that each of rotationally symmetric surfaces is isometric to an radially symmetric surface. The task is to find a uniformizing map which gives its isometry. To this end, we introduce a coordinate defined on the whole surface. Proof. Fix a hydrodynamic Killing vector field X such that X is rotational. We have a uniformizing map c : M → M flat given in Corollary 2.6. Let σ be a positive function on M flat such that (c −1 ) * g = σ 2 |dz| 2 . It remains to prove that for each z ∈ M flat , σ(z) = σ(|z|). First observe that for each t ∈ R,
which yields σ = σ • (c * X)t. Taking t ∈ R with e 2πit/τ z = |z|, we conclude that
From Theorem 3.2, we see that each of rotationally symmetric surfaces is isometric to an radially symmetric surface (M flat , λ 2 |dz| 2 ), λ(z) = λ(|z|) and its isometry is given as a polar coordinate. This brings us a normal form for rotationally symmetric surfaces with respect to the isometric class. In other words, we can assume that each of rotationally symmetric surfaces is given as a form of an radially symmetric surface (M flat , λ 2 |dz| 2 ) without loss of generality owing to taking a polar coordinate since all Riemannian manifolds are identified by isometries. This perspective is useful in establishing an analytic formula of a function on the surface. The polar coordinate can not be defined on translationally symmetric surfaces. To define a coordinate on both rotational and translationally symmetric surfaces, we introduce another coordinate. Definition 3.3. Let (M, g) be a rotationally symmetric surface. Fix a hydrodynamic Killing vector field X such that X is rotational. A diffeomorphism ψ : M \ Sing(X) → Ui is called a cylindrical coordinate with a positive function ν ∈ C ∞ (Ui) if for each (x 1 , x 2 ) ∈ Ui,
where Ui is defined by
with the modulus A of M , S 1 = R/2πZ and gSTD = (dx 1 ) 2 + (dx 2 ) 2 .
To derive a cylindrical coordinate from a polar coordinate, we define a conformal mapping wi by wi : z ∈ M flat \ {0, +∞} → (− log |z|, i log(z/|z|)) ∈ Ui. Note that (w −1 i ) * |dz| 2 = e −2x 1 gSTD from z = exp(−x 1 − ix 2 ).
Theorem 3.4. Let (M, g) be a rotationally symmetric surface and satisfy the condition Si(i = 0, 1, . . . , 10). Fix a hydrodynamic Killing vector field X such that X is rotational and a polar coordinate c : M → M flat with σ. Then wi • c| M \Sing(X) is a cylindrical coordinate with a conformal factor σ cyl ∈ Ui which satisfies σ cyl (x 1 , x 2 ) = σ(e −x 1 )e −x 1 .
Proof. Denote C by C = wi • c| M \Sing(X) . Since C : (M \ Sing(X), g) → (Ui, gSTD) is a conformal mapping, there exists a positive function σ cyl ∈ C ∞ (Ui) such that (C −1 ) * g = σ 2 cyl gSTD. We conclude from
hence that
and finally that σ cyl is independent of x 2 .
Conversely, all cylindrical coordinates are given in the form wi • c| M \Sing(X) for some polar coordinate c. 
We define c : M → M flat by c := f •c and show it is the desired polar coordinate. By definition, we have C = wi • c| M \Sing(X) and
which proves the theorem.
Every cylindrical coordinate can not be defined at singular points of a hydrodynamic Killing vector field. Such problem arises when a surface satisfies the condition Si(i = 0, 1, 4, 5). But the cylindrical coordinate can be conformally extended to the singular points by the polar coordinate given in Proposition 3.5.
Explicit construction on rotationally symmetric surfaces using horizontal geodesics
Until now we construct a polar coordinate and a cylindrical coordinate based on the uniformization theorem. However, the uniformizing map is a hypothetical object and to establish it for an arbitrary given surface is possible but not probable. But then it is inevitable to construct the uniformizing map explicitly for a given Killing symmetric surface in a practical way when we perform a mathematical and numerical analysis on the surface. To this end, we introduce a geodesic in a Killing symmetric surface. By the existence and uniqueness of geodesics (see, for instance, Theorem 4.10 in [12] ), for every o ∈ M \ Sing(X) and every tangent vector orthogonal to X(o), there exists a horizontal geodesic based at o and its domain is uniquely determined. We can see that every horizontal geodesic γ is orthogonal to the hydrodynamic Killing vector field at not only base point o but also each point of γ. Proof. The proof is based on the following observation.
which yields g γ(s) (X • γ(s), γ (s)) = go(X(o), γ (0)) = 0. If γ(s) ∈ Sing(X), then we have X • γ(s) = 0 and |γ(s)| = |γ(0)| = 0 from Gauss Lemma, which is our claim.
Remark 3. Proposition 3.7 is not new in the theory of singular Riemannian foliations. It is known as the fact that the homogeneous foliation given by a Killing vector field on a Riemannian manifold is transnormal and hence a singular Riemannian foliation (see, for instance, [1] ). We now consider to establish a cylindrical coordinate on rotationally symmetric surfaces by using horizontal geodesics. After that, we define a cylindrical coordinate on translationally symmetric surfaces and construct it in the similar manner. All horizontal geodesics can be obtained by solving geodesic equations, which are ordinary differential equations. In this sense, we can construct it in a practical way. The basic idea of the construction is to take a parametrization Π : (s, t) ∈ I × (R/τ Z) → Xt • γ(s) ∈ M . We can not obtain a cylindrical coordinate directly from Π. Nevertheless, after a certain change of coordinates, we get a cylindrical coordinate since the pullback metric Π * g is a warped product metric. In this procedure, we are left with the task of showing that Π is a diffeomorphism to M \ Sing(X). We first examine the behavior of horizontal geodesics in a polar coordinate. We defineγ : s ∈ (−ε, ε) → (γ 1 (s), 0) ∈ M flat bȳ
where ε > 0 satisfies for every s1 ∈ (−ε, ε),
We next show thatγ corresponds to a geodesic in (M flat , σ 2 |dz| 2 ) with initial pointγ(0) = c(o) and initial velocityγ (0) = c * γ (0) and hence thatγ = c • γ| (−ε,ε) by the uniqueness of geodesics. Let∇ denote the Levi-Civita connection on (M flat , σ 2 |dz| 2 ). It is sufficient to prove that∇γγ = 0, which is equivalent to that for each j-th component ofγi(s), denoted byγ j i (s),
where Γ j kl is the connection coefficient of∇. Note that Γ j kl now satisfies that
(see, for instance, [23] ). We can rewrite (3.2.1) from (3.2.2) as follows:
2.4)
It is easy to checkγ j i (s) satisfies both Hereafter, fix oi ∈ M \ Sing(X) and a horizontal geodesic γi = {exp o i (sγ i (0))}s∈I i based at oi when a surface (M, g) is rotationally symmetric and satisfies the condition Si(i = 0, 1, . . . , 10) except for i = 3. For i = 3, fix o3 ∈ M \ Sing(X) and a horizontal geodesic γ3 = {exp o 3 (sγ 3 (0))}s∈I 3 where I3 = [0, min{s > 0|γ3(s) ∈ {Xt(o3)} t∈[0,τ ) }). Using a polar coordinate c given in Proposition 3.8, we define a cylindrical coordinate C by C := wi • c| M \Sing(X) . We now consider the behavior of γi in the cylindrical coordinate. For each i = 0, 1, . . . , 10, we define L − i ≤ 0 and L + i ≥ 0 by L − i = inf Ii and L + i = sup Ii. We can see that C • γ : Ii → {(x 1 , x 2 ) ∈ Ui|x 2 = 0} is a diffeomorphism by definition. Corollary 3.9. Let (M, g) be a rotationally symmetric surface and satisfy the condition Si(i = 0, 1, . . . , 10). Fix a hydrodynamic Killing vector field X such that X is rotational and oi ∈ M \Sing(X). Let γi = {γi(s)}s∈I i be a horizontal geodesic based at oi. Then there exists a cylindrical coordinate C : M \Sing(X) → Ui such that C•γi :
We next introduce a domain Vi which satisfies that the map (s, t) ∈ Vi → Xt • γi(s) ∈ M \ Sing(X), denoted by Πi, is a diffeomorphism as follows:
where the lattice Λ is defined by Λ :
and using (Πi) * (∂/∂s) = (Xt) * γ (s), we can conclude rank Π * (s, t) = 2 from Proposition 3.7 since (Xt) * is invertible.
Proposition 3.7 implies that Π * i g is a warped product metric. Lemma 3.11. For each i = 0, 1, . . . , 10,
Proof. The proof is straightforward. By Gauss Lemma, we see that g (∂s, ∂s) = g(γ i (s), γ i (s)) = |γ i (0)| 2 .
As Xt preserves the metric we have g (∂t, ∂t) = (Xt) * g(X • γi(s), X • γi(s))) = |X • γi(s)| 2 and g (∂s, ∂t) = (Xt) * g(γ i (s), X • γi(s)) = g(γ i (s), X • γi(s)) = 0 from Proposition 3.7. We thus get Π * i g = g(∂s, ∂s)ds 2 + 2g(∂s, ∂t)dsdt + 2g(∂t, ∂t)dt 2 = |γ i (0)| 2 ds 2 + |X • γi(s)| 2 dt 2 .
We next derive a conformal representation of g from Π * i g. For this purpose, we set T : (s, t) ∈ Vi → (T1(s), T2(t)) ∈ T (Vi),
2.5)
where T (Vi) = T1(Ii)×S 1 for i = 0, 1, . . . , 10 except for i = 3 and T (V3) = R 2 /(T (L + 3 , ø)Z⊕ (0, 2π)Z). T is a diffeomorphism since both T1 and T2 are strictly monotone increasing. We define Σi : M \ Sing(X) → T (Vi) by Σi := T • Π −1 i and define a positive function, denoted by σi ∈ C ∞ (T (Vi)), as
By definition, we now deduce that Σi is a diffeomorphism and σi(x 1 , x 2 ) = σi(x 1 , 0) for every (x 1 , x 2 ) ∈ T (Vi).
Theorem 3.12. Let (M, g) be a rotationally symmetric surface and satisfy the condition Si(i = 0, 1, . . . , 10). Then T (Vi) = Ui and Σi is a cylindrical coordinate with σi.
Proof. What is left is to show that (Σ −1 i ) * g = σ 2 i gSTD and T (Vi) = Ui. From Lemma 3.11, it follows that
Using a cylindrical coordinate C : M \ Sing(X) → Ui, we have T (Vi) = Ui since C • Σ −1 i : T (Vi) → Ui is a conformal mapping.
Cylindrical coordinate on translationally symmetric surfaces
In this section, we establish a cylindrical coordinate on translationally symmetric surfaces by a horizontal geodesic. Definition 3.13. Let a surface (M, g) be translationally symmetric. Fix a hydrodynamic Killing vector field X such that X is translational. A diffeomorphism ψ : M →Ũi is called a cylindrical coordinate with a conformal factor µ ∈ C ∞ (Ũi) if
whereŨi is defined byŨ
Owing to the non-existence of a singular point of a translational vector field, a cylindrical coordinate can be defined on the whole surface. We can construct a cylindrical coordinate on a translationally symmetric surface in a simmilar manner as in the case of rotationally symmetric surfaces. Let us fixõi ∈ M and a horizontal geodesicγi = {expõ i (sγ i (0))} s∈Ĩ i based atõi when a surface (M, g) is translationally symmetric and satisfies the condition Si(i = 4, 6). To introduce a map (s, t) → Xt •γi(s) ∈ M , we defineṼi bỹ
Let us denote byΠi the map (s, t) ∈Ṽi → Xt •γi(s) ∈ M . In the same manner we can showΠi is a diffeomorphism and
We defineT byT : (s, t) ∈Ṽi → (T1(s),T2(t)) ∈T (Ṽi),
whereT (Ṽ4) =T1(Ĩ4) × R,T (Ṽ3) = S 1 × R,L − 4 = inf I4 andL − 6 = 0. Using these functions, we can obtain a cylindrical coordinateΣi :
Hydrodynamic Green's function
In this section, we derive an analytic formula of a hydrodynamic Green's function on a Killing symmetric surface. The Green's function is recently formulated on a non-compact surface by Ragazzo & Viglioni [23] . We follow the formulation of this Green's function.
General formulation
in the distribution sense where ∆, g , δ(x; x0), |M | and ∂τ denote the diagonal set, the Laplace-Beltrami operator, the delta function at x0 ∈ M , the area of M and the directional derivative in the tangential direction of the boundary. To impose boundary conditions at boundaries and ends, we review the notion of ends. For details see [23] . An end of a surface is defined as an unbounded connected component of the complement of a compact subset. Thanks to the uniformization theorem, we can classify ends of a topologically finite surface into two types: parabolic ends and hyperbolic ends, which are conformal to a punctured disc and an annulus. The ends are corresponding to {z = 0} in the punctured disc and {|z| = 1} in the annulus. Ragazzo GH (z, z0) = constant.
The circulation − * dGH is vanished around all ends except for an arbitrary chosen end, called the external end. The circulation around the external end is equal to 1.
To derive an analytic formula of this Green's function on a Killing symmetric surface, we provide the following observation. If a Killing symmetric surface M is not closed, or equivalently if M satisfies the condition Si(i = 0, 1, . . . , 10) except for i = 0, 3, GH is consisted of only the fundamental solution, namely GH = Φ. Then it is known that GH is conformally invariant thanks to the conformal invariance of Φ (see, for instance, [23] ). If M is a closed Killing symmetric surface, or equivalently if M satisfies the condition Si(i = 0, 3), GH divided into two parts: the fundamental solution Φ for the Laplace-Beltrami operator; the metric potential V . In other words, Φi and V satisfy − g Φ = δx 0 , − g V = −1, which gives GH (x, x0) = Φ(x, x0)+V (x)/|M |+V (x0)/|M |. GH is not conformally invariant because of the fact that V is determined by the conformal factor, which makes it difficult to construct an analytic formula of GH . But GH is isometrically invariant, which follows from the commutativity of the Laplace-Beltrami operator and the pullback of isometries. Proposition 4.1. Let (N k , h k )(k = 1, 2) be surfaces. Suppose (N1, h1) is isometric to (N2, h2). Let φ : (N1, h1) → (N2, h2) be an isometry and let G2 be a hydrodynamic Green's function on N2. Define G1 ∈ C ∞ (N1 × N1 \ ∆) by G1 := (φ × φ) * G2 where φ × φ is the product map φ × φ : (x, x0) ∈ N1 × N1 → (φ(x), φ(x0)) ∈ N2 × N2. Then, G1 is a hydrodynamic Green's function on N1.
Analytic formula of the Green's function
We first derive the polar-coordinate representation of a hydrodynamic Green's function on a rotationally symmetric surface, which is equivalent to one on a radially symmetric surface (M flat , σ 2 |dz| 2 ), σ(z) = σ(|z|). Next, we provide the cylindrical-coordinate representation by the coordinate transformation wi. Note that the cylindrical-coordinate representation on a translationally symmetric surface is corresponding to that on a rotationally symmetric surface thanks to the conformal invariance of GH . Pi is known as the Schottky-Klein prime function [3] . Our notation is slightly different from that of [3] owing to the different fundamental domain. As a corollary, we conclude that (c × c) * Gi is a hydrodynamic Green's function on M with the polar coordinate c. Finally, we derive a cylindrical-coordinate representation of a hydrodynamic Green's function on M from Gi and Σi : M \ Sing(X) → Ui for each i = 0, 1, . . . , 10). From Proposition 3.5, we can take the polar coordinate c : M → M flat such that Σi = wi • c| M \Sing(X) . By using the transition map wi from c| M \Sing(X) to Σi, we obtain a cylindrical-coordinate representation Gi:
Gi(x, x0) = Φi(z, z0) + Vi(x)/|M | + Vi(x0)/|M |, if i = 0, 3, Φi(z, z0), otherwise,
where z = exp(x 1 + ix 2 ), z0 = exp(x 1 0 + ix 2 0 ). Ei ∈ C ∞ (R) and Vi ∈ C ∞ (Ui) are the cylindrical-coordinate representation of E and V for i = 0, 3:
Ei(u1, 0)du1.
For translationally symmetric surfaces, we can obtain the same representation by replacing Σi withΣi.
Applications

Physical interpretation of Killing vector field
We have investigated geometric properties of hydrodynamic Killing vector fields on a surface. In this section, we consider a physical interpretation of these properties in terms of two-dimensional incompressible and inviscid fluid flows. Especially, we examine a relation between the Gaussian curvature and some physical quantities such as the speed, the vorticity and the pressure of a hydrodynamic Killing vector field. The crucial fact is that the Gaussian curvature K on a surface (M, g) satisfies K = − g log λ on an isothermal coordinate with a conformal factor λ. When a surface (M, g) is rotationally symmetric and satisfies the condition Si(i = 0, 1, . . . , 10), the cylindrical coordinate Σi : M \ Sing(X) → Ui associated with a hydrodynamic Killing vector field X is an isothermal coordinate with the conformal factor σi. Taking the coordinate transformation (x 1 , x 2 ) → ((τ /2π)x 1 , (τ /2π)x 2 ), we can obtain an isothermal coordinate with the conformal factor given by (2π/τ )σi = |X|. We denote this coordinate by (τ /2π)Σi. We see that X is represented as X = ∂2 on (τ /2π)Σi. In the same manner, we obtain an isothermal coordinate with the conformal factor |X| for translationally symmetric surfaces. It follows that − g log |X| = K.
Let us examine a relation between the curvature and the pressure of a hydrodynamic Killing vector field. The velocity v and the pressure p of an incompressible and inviscid fluid flow with constant density ρ0 on a surface are determined by the Euler equations [25] :
where ∇, grad and div are the covariant derivative, gradient and divergence with respect to the metric g [25] . It is known that a Killing vector field is a steady solution of (5.1.1) and the pressure p(X) satisfies p(X) − p0(X) = ρ0 2 |X| 2 , (5.1.2)
for some constant p0(X) (see, for instance, [25] ). We have thus proved the following. We call (5.1.3) and (5.1.4) as the curvature-speed formula and the curvature-pressure formula for X.
We proceed to observe a relation between the vorticity of a hydrodynamic Killing vector field and the curvature. In general, the vorticity ω of a vector field v ∈ X r (M )(r ≥ 1) on a surface (M, g) is defined by ωdVolg = dv , where v is the velocity form g(v, ·). On an isothermal coordinate (x 1 , x 2 ) with a conformal factor λ, ω of a vector field v = v 1 ∂1 + v 2 ∂2 is represented as ω = λ −2 ∂1(λ 2 v 2 ) − ∂2(λ 2 v 1 ) . From this we conclude dω = ∂ 2 1 log |X|dx 1 = |X| 2 Kdx 1 . By the continuity of K, we can see that K(p) = 0 for p ∈ Sing(X) if the vorticity is constant. Summarizing, we have a necessary and sufficient condition for the vorticity to be constant. By using these formulae, we consider a physical interpretation of the cylindrical coordinate. The conformal factor of the cylindrical coordinate and the square are equivalent to the speed and the pressure of the Killing vector field up to some constants. The vertical and horizontal axis of the cylindrical coordinate are corresponding to a contour curve of these physical quantities and an orbit of gradient flow of them.
Potential flows on general curved surfaces
In previous section, we observe some relations between the Gaussian curvature, the speed, the pressure and the vorticity of the Killing vector field and derive some formulae. In this section, comparing the Killing vector field with a potential flow on a surface, we generalize these formulae. A potential flow is another generalization of the uniform flow. A C r -vector field Xirr on a surface (M, g) is called irrotational if the vorticity of Xirr is vanished. By definition, the velocity form X irr is a closed 1-form. An irrotational vector field Xpot is called potential if the velocity form is an exact 1-form. For a potential vector field Xpot, there exists a function φ such that X pot = dφ, called a velocity potential. In particular, it holds that Xpot = grad φ. Assuming the existence of the stream function ψ for Xpot, we have X pot = dφ = − * dψ, In a complex coordinate (z), dφ and − * dψ are represented as dφ = ∂zφdz + ∂zφdz, − * dψ = i∂zψdz − i∂zψdz, owing to * dz = −idz. From this, we conclude that φ + iψ is a holomorphic function on M , hence that ψ is a harmonic conjugate of φ from g = d * d. If |Xpot| = 0, since g and g are represented by g = λ 2 dzdz and g = 4λ −2 ∂z∂z for some positive function λ in the coordinate, we obtain |Xpot| 2 = g(grad φ, grad φ) = 4λ −2 ∂zφ∂zφ, which gives − g log |Xpot| = g log λ − 1 2 ( g log ∂zφ − g log ∂zφ) = −K.
In order for the potential vector field to be a steady solution of the Euler equations, we assume that the velocity potential φ is a non-constant harmonic function whose flux * dφ vanishes across all dividing cycles. Due to the fact that the pressure p(Xpot) satisfies p(Xpot) − p0(Xpot) = − ρ0 2 |Xpot| 2 , (5.2.7)
for some constant p0(Xpot) (see, for instance, [25] ). In the same manner, we have the curvature-pressure formula for the potential vector field. We call (5.2.8) and (5.2.9) as the curvature-speed formula and the curvature-pressure formula for Xpot.
Since the curvature-speed formula and the curvature-pressure formula are the Poisson equation associated with a source term K, we obtain |X| = exp(GH * K + h), if X is a hydrodynamic Killing vector field, exp(−GH * K + hpot), if X is a potential vector field and p(X) = p0(X) + exp(2GH * K + h), if X is a hydrodynamic Killig vector field, p0(X) − exp(−2GH * K + 2hpot), if X is a potential vector field, for some harmonic function h, hpot where GH * K is the convolution of the Green's function and the curvature. By these formulae, the analytic formula of a hydrodynamic Green's function on a Killing symmetric surface derived in Section 4 can be applied to get that of these physical quantities. We proceed to compare dynamical properties of hydrodynamic Killing vector field with that of a potential vector field. Though both of them are a generalization of the uniform flow, their dynamics are qualitatively different. We note that if a hydrodynamic Killing vector field is potential, its speed is nonzero constant by (5.1.6). Thus it is equivalent to the uniform flow. Next, we consider the differences in their dynamics from the viewpoint of the relationship between the pressure and the speed. (5.2.7) corresponds to a generalization of Bernoulli's Theorem for potential flow in the plane and (5.1.2) is its analogue. In both cases, the pressure is directly proportional to the kinetic energy. But the proportionality constant is positive for the hydrodynamic Killing vector field as is negative for the potential vector field. Let us examine how these physical quantities vary with the curvature at a point p. For ease of exposition, discretizing the surface, we assume the curvature K is given by K(p) = p k :vertex K(p k )δ(p; p k ).
Then we have GH * K(p) = p k :vertex K(p k )GH (p, p k ).
Without loss of generality, we can assume GH (p, p k ) > 0. When we increasing K(p k ), the speed at p of the hydrodynamic Killing vector field also increase but that of the potential vector field decrease. In contrast, the pressure of them increases.
Surface of revolution
As an example, we introduce a cylindrical-coordinate representation of a hydrodynamic Green's function on a surface of revolution. A surface of revolution (M, g) created by a generatrix {(R1(θ), R2(θ))} θ∈I ⊂ R 2 is defined by an isometric embedding i : (θ, φ) ∈ I × R/2πZ → (R1(θ) cos φ, R1(θ) sin φ, R2(θ)) ∈ E 3 , where I is a connected one-dimensional manifold. Without loss of generality, we assume that there is r > 0 such that for every θ ∈ I, (R 1 (θ)) 2 + (R 2 (θ)) 2 = r 2 owing to the arc length parametrization. The metric g = i * g E 3 is represented as i * g E 3 = ((R 1 ) 2 + (R 2 ) 2 )dθ 2 + (R1) 2 dφ 2 = r 2 dθ 2 + (R1) 2 dφ 2 .
From this we conclude that X = ∂ φ is a hydrodynamic Killing vector field such that X is rotational with period τ = 2π, and hence that the surface of revolution is a Killing symmetric surface. Conversely, we can prove that an isometrically embedded Killing symmetric surface in the 3-dimensional Euclidean space is a surface of revolution.
Proposition 5.4. If a Killing symmetric surface (M, g) is isometrically C r -embedded in E 3 (r ≥ 1), the surface is isometric to a surface of revolution. In particular, if the surface satisfies the condition Si(i = 0, 1, . . . , 10) except for i = 4, 6, for every hydrodynamic Killing vector field, its induced vector field by the isometric embedding is a rotation around some axis in E 3 .
Proof. The proof is based on the following observation. Let us denote the isometric embedding by i : (M, g) → E 3 . It follows from g = i * g E 3 that
Li * X g E 3 = d dt (i • Xt) * ((i −1 ) * g) t=0 = LX g = 0, which gives the existence of a non-trivial Killing vector fieldX on E 3 such that i * X = X| i(M ) . It is known from linear algebra that the orientation preserving isometric group of E 3 , denoted by SE (3), is isomorphic to R 3 × SO(3) and an isometric action on E 3 is a composition of a rotation around some axis and a translation along it. It is clear that the homogeneous foliation given byX is a singular Riemannian foliation and a horizontal geodesic through x ∈ E 3 is a line {x + tv|t ∈ R} where v ∈ TxE 3 \ {0} and g E 3 (X(x), v) = 0. From this we deduce that the plane π(x) = {x + tv|t ∈ R, v ∈ TxE 3 , g E 3 (X(x), v) = 0} is perpendicular toX. Fix a horizontal geodesic γ = {γ(s)}s∈I on M \ Sing(X) based at o ∈ M \ Sing(X). Since i is an angle-preserving map, i(γ) is perpendicular toX and contained in π(x). We first give the proof when the surface is rotationally symmetric. Since X generates an isometric S 1 -action,X is a generator of a rotation around some axis. Taking an isometry in E 3 if necessary, we can assume the axis is corresponding to x 3 -axis. Hence we conclude that i(M ) is a surface of revolution created by the generatrix i(γ). In the same manner, we can prove it when the surface is translationally symmetric. Then we can deduce i(M ) = {(i1 • γ(s + ct), i2 • γ(s + ct), t) ∈ E 3 |s ∈ I, t ∈ R} for some constant c ∈ R. It is immediate that the Gaussian curvature of (M, g) is 0. We conclude that (M, g) is isometric to either the flat plane or flat cylinder, which are surfaces of revolution.
From the proof of Proposition 5.4 a generatrix through o = (R1(0), 0, R2(0)) ∈ E 3 of a surface of revolution is corresponding to a horizontal geodesic {γ(θ) = (R1(θ), 0, R2(θ))} θ∈I , which yields |γ (0)| = r and |X • γ(θ)| = R1(θ). Consequently,
This gives
Ei(u1) = 
Summary
We summarize how to derive the analytic formula of the hydrodynamic Green's function on a given surface (M, g) with a hydrodynamic Killing vector field X. We first define the cylindrical coordinate Σi : M \ Sing(X) → Ui in the following manner. Determine the condition Si(i = 0, 1, . . . , 10) which M satisfies. For ease of exposition, we only consider the case when the Killing vector field has a periodic point. Even if not, we can obtain it in the similar manner. Ei(u1, 0)du1, for i = 0, 3,
we have the desired representation as follows:
Gi(x, x0) = Φi(z, z0) + Vi(x)/|M | + Vi(x0)/|M |, if i = 0, 3, Φi(z, z0), otherwise. 
Surface
